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We study the problem of fairly allocating m indivisible goods among n agents who arrive online, under the
notion of maximin share (MMS) fairness. Fair allocation with online agent arrivals is known to be extremely
challenging: prior work shows that even with two agents, no deterministic online algorithm can simultaneously
guarantee for both agents any non-trivial approximation to MMS, or to any standard fairness notion, without
knowledge of future arrivals.

In this work, we show that randomization can circumvent these strong impossibility results. We first present
a randomized allocation algorithm parameterized by ¢ € Q(log n), that allocates goods independently in each
round, and with probability at least 1 — (0(12# guarantees every agent an O(1/c)-approximation to MMS.
We extend this guarantee all the way to submodular valuation functions, providing a strong counter to known
hardness results.

Our second main result targets the stronger notion of constant-MMS guarantees. We propose an allocation
scheme based on dependent rounding that achieves a 1/256-approximation to MMS with constant probability
under binary additive valuations. The analysis proceeds by carefully interleaving our algorithm, round by
round, with an auxiliary algorithm. This coupling enables us to apply concentration bounds for exchangeable
random variables, which in turn allows us to control the allocation probabilities.

We complement these results with almost matching limitations: for any ¢ > 1, no online algorithm can
achieve a 1/c-approximation to MMS with probability greater than 1—1/c?, even for the case of binary additive
valuations.
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1 Introduction

Consider a disaster relief supply center that distributes essential goods to members of an affected
community. Recipients have diverse requirements. They arrive over time, communicate their
needs, and receive allocations. The center must manage its limited supply carefully: allocating too
generously to early arrivals risks shortages for those who come later, while overly conservative
allocations can lead to inefficiency and unmet needs. Compounding this challenge, demand is
difficult to forecast, as it depends sensitively on the severity and local impact of the disaster. In
such uncertain, dynamic environments, is it nevertheless possible to design allocation policies that
achieve meaningful guarantees of fairness and efficiency?

Motivated by this setting, we study an online allocation problem with m heterogeneous, indi-
visible goods and n heterogeneous agents with combinatorial valuation functions. Agents arrive
sequentially over time; upon arrival, an agent receives an allocation and then departs, and all
allocation decisions are irrevocable. The allocator knows the total number of agents n in advance,
but has no information about the valuation functions of future arrivals. The goal is to design an
online allocation policy that guarantees a fair share to every agent, despite the uncertainty inherent
in future demand.

Given the online nature of the problem, we focus on a notion of fairness that depends only on an
agent’s own valuation and allocation, rather than on allocations made to agents who arrive later.
For indivisible goods, the most natural, as well as sought-after, such notion is the maximin share
(MMS) [Budish, 2011]. Informally, the MMS of an agent is the maximum value she can guarantee for
herself by partitioning all goods into n bundles and receiving the least desirable bundle. Formally,
let v; : 2l — R, denote the monotone valuation function of agent i for i € [n]. The MMS value
of agent i, denoted MMS;, is defined as

MMS; = max min v;(P,),
(P1,...Pp) €M([m]) t€[n]
where ITI([m]) denotes the set of all partitions of the set of goods [m] into n bundles. Notably, an
agent’s MMS value depends only on her own valuation and the total number of agents n, making it
particularly well suited to online settings with sequential agent arrivals.

Fair division, the problem of allocating scarce resources “fairly” among heterogeneous agents, has
long been a central topic across computer science, economics, social choice theory, and operations
research. Over the past several decades, it has been extensively studied in offline settings, where all
agents and their valuations are known in advance (e.g., see latest surveys [Amanatidis et al., 2023,
Moulin, 2019] and books [Brams and Taylor, 1996, Moulin, 2004]). More recently, motivated by
practical applications such as job and task scheduling or disaster relief and food banks, attention has
shifted to online settings in which goods or agents arrive over time (see Section 1.2). Despite this
growing body of work, the notion of maximin share (MMS) has received relatively little attention in
online models, in part due to inherent technical challenges [Amanatidis et al., 2022, Kulkarni et al.,
2025]. In this paper, we overcome these barriers using carefully designed randomized algorithms
and obtain nontrivial worst-case MMS guarantees for all agents, with high probability, in an online
setting with adversarial agent arrivals.

It is well known that an exact MMS allocation-one in which every agent receives at least her full
MMS value-need not exist even in offline settings [Feige et al., 2021, Procaccia and Wang, 2014].
This has led to the study of approximate MMS guarantees: an allocation (Ajs,...,A,) € II(M) is
said to be a-MMS, for a € [0, 1], if v;(A;) = aMMS;, Vi € [n]. An extensive literature in the past
decade has established constant-factor MMS approximations in offline settings for various classes
of valuation functions, including additive [Akrami and Garg, 2024, Aziz et al., 2017, Barman and
Krishnamurthy, 2020], submodular [Ghodsi et al., 2018, Uziahu and Feige, 2023], and their special
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cases (e.g., [Bouveret and Lemaitre, 2016, Feige, 2022, Kulkarni et al., 2024, Shahkar and Garg,
2025]). In contrast, little is known in online settings. No MMS guarantees are known for online
good arrivals; the main barrier is that MMS value is undefined until all the goods are seen. For
online agent arrivals, prior work [Kulkarni et al., 2025] considers a stochastic model with additive
valuations, achieving constant-factor MMS guarantees with high probability only when agents are
drawn from a distribution over a fixed set of k types known a priori. In the adversarial arrival model,

that work shows a strong inapproximability beyond Q (ﬁ) when the adversary is adaptive.! This
negative result naturally raises the following question.

Is it possible to achieve any nontrivial approximate-MMS guarantee against an oblivious® adversary,
when the allocator has no prior knowledge of the agents’ valuation functions?

In this paper, we make significant progress on the above question. First, we design a randomized
algorithm based on independent good allocation, that ensures %-approximate MMS allocation to

all agents with probability (1 -0 ((locg—f)%)) for ¢ € Q(log n). We extend this result all the way to

general submodular valuations. Second, we complement this result with an almost matching lower
bound: for any ¢ > 1, no algorithm, randomized or not, can achieve %-approximate MMS for all
agents simultaneously with probability better than (1 — C%) We note that our lower bound example
holds even for the case of binary additive valuations.

In light of the counterexample and the importance of the binary additive case (e.g., [Aleksandrov
et al,, 2015, Barman et al., 2018, Brams and Fishburn, 1978, Halpern et al., 2020]), we next study the
possibility of constant-MMS for the case of binary additive valuations. This problem indeed turns
out to be quite tricky. The independent good allocation approach does not concentrate sufficiently
to ensure constant-approximate MMS to all n agents, even with constant probability. Instead, we
carefully design a dependent allocation scheme that can be analyzed by coupling the algorithm’s
random variables with exchangeable random variables of a different algorithm. Together these
allow us to apply concentration, and thereby get our final result. Namely, a randomized algorithm

that ensures ﬁ-approximate MMS to all agents with constant probability. We note that all our
algorithms run in polynomial-time, and are the first to achieve online MMS guarantees in adversarial
setting.

In the next section, we give an overview of the main challenges, our high-level approach to
overcome these, and highlight the nuances of our randomized rounding schemes and the proof
techniques.

1.1 Technical Overview

We begin by recalling a fundamental challenge in fully-adversarial online fair division, illustrated
by the following example from Kulkarni et al. [2025].

Example 1.1. Let m be even. Suppose m goods must be allocated among two agents who arrive
sequentially. The first agent arrives reports an additive valuation with each individual good valued
at 1. Her maximin share (MMS) is therefore 7. To guarantee an a-MMS allocation ex post for some
a > 0, the algorithm must allocate her at least [« - %] goods, after which she departs with her
bundle.

The second agent then arrives and reports that she values exactly two of the m goods at 1, with
zero value for all others; hence, her MMS value is 1. However, unless a0 < % it is possible that both
of the goods she values are contained in the bundle allocated to the first agent. In this case, the

1 An adaptive adversary can observe the random coin tosses of the algorithm.
2An oblivious adversary can select worst-case agents’ valuation functions after knowing the algorithm, but not knowing the
outcomes of the random coin tosses (decisions) made by the algorithm.
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second agent derives zero value from any feasible allocation, and only a zero-MMS guarantee is
achievable for her. O

This example demonstrates that in a fully adversarial setting, even with only two agents, the lack
of knowledge of the second agent’s value function can prevent any algorithm from guaranteeing a
positive MMS approximation to both. To circumvent this impossibility, Kulkarni et al. [2025] adopt
a learning-augmented approach, assuming that the algorithm has access to partial information
about the preferences of future agents.

In contrast, we pursue a different route to overcoming the adversary: we leverage randomization.
To illustrate the idea, reconsider the example above. Suppose the algorithm allocates a uniformly
random subset of size 7 to the first agent. If the adversary does not observe the realized allocation,
then the probability that both goods valued by the second agent lie in the first agent’s bundle is at
most i. Consequently, with non-trivial probability, the algorithm can guarantee each agent her full
MMS value in this instance.

Randomized “rounding” for additive agents. In order to extend the above idea to multiple agents,
we imagine the allocation process as an “online rounding” of a trivially-fair fractional solution.
Intuitively, for additive value agents, if fractional allocation was allowed, each agent would be
happy receiving a 1/n fraction of each good. We therefore attempt to randomly allocate goods in
such a manner that for each good j € [m] and agent i € [n], the marginal probability of allocating
j toiis a/n for large enough a.

One way to do so is to allocate each good independently with probability ~ a to each agent i.
In particular, consider allocating to each arriving agent i each remaining good with probability
1/2n. Then, the total probability with which an good is allocated is at most 1/2. So, in expectation,
when agent i arrives, the as-yet unallocated set of goods retains at least half her value. Then, in
expectation, the agent receives at least a quarter of her MMS value from this set.

While this process allocates a constant-fraction of her MMS to every agent in expectation, we
are interested in providing an ex post guarantee of approximate MMS with high probability to
every agent simultaneously. Unfortunately, a roadblock arises: we can only tolerate a 1/poly(n)
probability of failure for each agent, in order to be able to use a union bound over the n agents.
Consider, in particular, an agent who values n of the m goods at 1 each, and the remaining goods at
0. Then, even ignoring any previous allocations, if we allocate each good with probability 1/2n to
this agent, with constant probability she receives no valuable good at all!

To handle this issue, we separately handle agents that place at least one good at high value
(comparable to their MMS), and those that place every good at low value. For the former type, that
we call special agents, we allocate exactly one high value good to them. For the latter type, we
allocate each good independently with appropriate probability.

Our eventual goal is to argue that when an agent arrives, the set of goods remaining retains
some constant fraction of her value with high probability, and of these she obtains an a/n fraction
with high probability. The presence of special agents complicates this argument in two ways. First,
we need to account for the reduction in future agents’ value due to the special allocations, and
accordingly increase their probability of receiving each individual remaining good. Second, we
need to argue that special agents themselves are able to receive a high-value good by ensuring that
with high probability at least one such good remains. We carefully balance allocation probabilities
to resolve both issues.

Our first main result, Theorem 3.2, asserts that any fraction ¢ € O(1/logn) of MMS can be
guaranteed simultaneously for all agents with probability at least 1 — O(c? polylog(1/c)). We
complement this result with a nearly matching lower bound, Theorem 3.1: for any ¢ > 0, no
algorithm can simultaneously guarantee c-MMS to all agents with probability more than 1 — ¢?/2.
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Extension to Submodular Valuations. Our analysis of independent rounding for additive valuations
extends to submodular valuations with only minor modifications. Under independent rounding,
the agent’s expected value is exactly the value of the corresponding fractional allocation evaluated
under the multilinear extension. To relate this quantity to the agent’s MMS value, we use the
fact that the concave extension of an allocation in which each good is assigned to the agent with
probability « is at least @ - MMS. For submodular valuations, it is well known that the multilinear
extension is within a factor of (1 - %) of the concave extension, i.e., the correlation gap is bounded
by this constant. Combining these observations shows that the core of the argument from the
additive case continues to apply. The only loss is a multiplicative factor of (1 — %) in the constant c;
consequently, the asymptotic guarantees of our result remain unchanged.

Constant MMS for Binary Additive Valuations. We next ask whether it is possible to guarantee a
constant fraction of MMS ex post for every agent, at the expense of a slightly larger probability
of failure. This requires moving away from independent good allocation, while still ensuring that
every good is equally likely to remain unallocated.

Henceforth we will focus on binary additive valuations. In particular, we assume that every
agent i has a desired set S; C [m] of goods; The agent assigns equal value to every good in S; and
zero to goods not in S;. In order to achieve an a-MMS for some a € (0, 1), it suffices to allocate any
subset of size {% |S; ﬂ to the agent. Our algorithm picks a uniformly random subset of this size to
allocate to the agent.

Our goal is once again to prove that when an agent arrives, enough elements in their desired
set S; remain unallocated. The challenge is that the allocation events across different goods are no
longer independent, so standard concentration inequalities no longer apply.

To resolve this, we carry out a two-step argument. We first consider the setting of nested agent
valuations, that is, if agent i arrives after agent i’, then S; C Sy . In this case, we show that the goods
in each agent’s desired set at the time of her arrival are exchangeable and therefore negatively
associated. This allows us to apply appropriate concentration inequalities.

Second, we provide a novel and clever charging argument relating the sizes of allocations in the
general binary case to a suitably defined “partially nested” setting where the last agent’s desired
set is contained in all other agents’ desired sets. Therefore, while the original algorithm’s goods
satisfy neither independence nor exchangeability we can couple them with a set of exchangeable
goods. By carefully interleaving the concentration and charging arguments round by round, we
bound the overall probability of over-allocation in the algorithm.

Our final result, Theorem 4.5 achieves a 256 factor approximation of MMS with a constant
probability.

1.2 Other Related Work

In this section, we highlight previous work that is most closely related to our setting. We refer
the reader to excellent surveys [Aleksandrov and Walsh, 2020, Amanatidis et al., 2023] for further
references.

Online fair division with agent arrivals. To the best of our knowledge, [Kulkarni et al., 2025] is the
only paper that considers the agent arrival setting with indivisible goods prior to our work. As
discussed in Section 1, the paper considers the stochastic case where the valuation function of the
arriving agent is drawn from a finite distribution over apriori known additive k agent types. No
results are known when the allocator has no knowledge of future agents’ valuation functions that
are chosen by an (oblivious) adversary.

Other works on online fair division with agent arrivals focus on the setting where goods are
divisible. Walsh [2011] consider the setting of dividing a single divisible good to n agents arriving
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online. Kash et al. [2014] studied a setting called dynamic fair division to fairly allocate a set
of divisible goods to agents who arrive but never depart from the system. Works by Sinclair
et al. [2022] and Banerjee et al. [2023] studied the setting of allocating a set of goods to agents
which are classified by their valuation functions. Friedman et al. [2015, 2017] consider algorithms
simultaneously achieve fairness notions and minimize disruptions where disruption is defined when
a reallocation of a previously allocated resource happens. In a set of related works, Bogomolnaia
et al. [2019] consider the setting where agent’s valuation functions are drawn from a distribution,
while Donahue and Kleinberg [2020] study the setting where uncertain number of agents from
different "groups" arrive. They both define the notion of fairness as agents from different groups
receive resource with equal probability.

Online fair division with indivisible items. While most of the current literature in online fair division
focuses on divisible items, there are a few papers dealing with indivisible items. These mostly focus
on the item-arrival setting. Benade et al. [2018] study the fairness notion of envy, minimizing the
total envy over a certain period of time. He et al. [2019] minimize the total number of re-allocations
needed to achieve EF1. Zhou et al. [2023] study MMS in the item-arrival setting for indivisible
goods and chores. Zeng and Psomas [2020] focus on the setting where agents’ values are drawn
from a random distribution, and study the fairness and efficiency trade-offs over time. Procaccia
et al. [2024] and Yamada et al. [2024] study how to allocate indivisible online items through the
lens of bandit learning. A recent work Halpern et al. [2025] connects envy minimization in online
indivisible item arrival setting to discrepancy theory.

2 Notation and Preliminaries

Notations. For any positive integer n, let [n] = {1,2,...,n}, and for two positive integers i, j where
i<j,let[i,j] ={ii+1,---,j}. For asetorlist N, let |N| denote the number of elements in N.

2.1 Problem Setting

Instance. We consider the problem of fairly allocating m indivisible goods/goods among n het-
erogeneous agents. Throughout, we use index i to denote an agent and index j to denote a good.
Without loss of generality, we assume agent i arrives at time i, and her preferences over the subsets
of goods are represented by a non-negative non-decreasing valuation function v; : 2[™! — R,. We
denote an instance of the fair division problem as I = {[n], [m], (v;)ie[n]}-

Valuation functions. In this paper we study three well-known valuation functions, namely
additive, binary additive, and submodular.

Valuation function v; is said to be additive if for any subset S C [m] of goods, v;(S) = ¥ ;e vi ()
where v; () is the value that agent i derives from good j. Additive is well known to strike a good
balance between the expressivity of preferences and complexity of reporting/eliciting and cognition,
and hence has been extensively studied not only within fair division (see survey [Amanatidis et al.,
2023], but also in optimization (e.g., [Bansal and Sviridenko, 2006]).

An additive function v; is called binary additive, if v;(j) € {0, 1} for all good j € [m]. That is, the
agent needs to only report which goods she likes without any comparison between them. Such
valuations are clearly the easiest to report/elicit and therefore are preferred in practice, attracting
extensive work within social choice theory, e.g., see [Aleksandrov et al., 2015, Barman et al., 2018,
Brams and Fishburn, 1978, Halpern et al., 2020].3

Submodular functions are much more general, and manages to capture the diminishing mar-
ginal utility of agents’ preferences [Kauder, 2015]. Formally, A valuation function v; is said to be

3Approval voting is essentially based on binary preferences.
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submodular iff it satisfies the following:
VS cTC[m]andVje [m]\T, oi(TU{j})—0i(T) 20 (SU{j})—0i(S)

Note that, reporting such a valuation function will require the agent to report 2™ values! To
keep things polynomial-time, it is typical to assume that the agent will report on a need-to-know
basis through oracle access.

Fairness Notion: Maximin Share (MMS). For any set S of goods and a positive integer d, let
I1;(S) denote the collection of all partitions of S into d bundles.

Definition 2.1 (Maximin Share (MMS)). Given an instance I = ([n], [m], {v;}iex]) of the fairdi-
vision problem, the maximin share (MMS) value of agent i is defined as
MMS; = max min v;(P)).
Pell, ([m]) je[n]
An allocation (Ay,...,A,;) € IT,,([m]) is said to be an MMS allocation if v;(A;) > MMS; for all
agents i. It is said to be a-approximate MMS or just a-MMS, for an « € [0, 1] if,

Ui(Ai) > a*x MMS;, Vie [n]

ONLINEMMS problem with adversarial agent arrival. We study the problem of computing an
(approximate) MMS allocation in the online setting where agents arrive online over time. When
agent i arrives at time i, her valuation function is revealed to the algorithm, and it must irrevocably
allocate a subset of goods to the agent from the available set of goods.

We consider an adversarial arrival model where the adversary has access to the algorithm we
apply to allocate the goods for choosing the agents’ valuations. However, the adversary does not
have access to the random coin tosses of the algorithm. In fact, it is easy to see that against an
adaptive adversary, who has access to the latter as well, no non-trivial guarantees are possible
[Kulkarni et al., 2025]. Therefore, our adversary model is the strongest possible for which one can
hope to get non-trivial guarantees, as far as we understand.

Definition 2.2 ((«, f)-competitive algorithm). For @ € [0,1] and § € [0, 1], we say that an online
algorithm is (o, f)-MMS competitive if it ensures a-approximate MMS allocation to all agents
ex-post, with probability at leat f.

Definition 2.3 (High-valued goods). In an ONLINEMMS problem where the goal is to obtain an
(a, B)-competitive guarantee given a normalized input instance, an good j is considered high-valued
by agent i if v;(j) > «.

Normalizations. To aide our analysis we will assume that the given instance is normalized, without
loss of generality (wlog), as defined below (see Appendix A for why it is wlog).

Definition 2.4 (Normalized Instance). An input instance I = ([n], [m], {0v;}ie[n]) of an ON-
LINEMMS problem with (non-binary) additive valuations is normalized if for every agent i € [n],
MMS; = 1 and the total value v;([m]) = n. This in turn implies v;(j) € [0, 1], for all agent i and
goods j.

We call instance 7 with submodular valuations normalizes if for every agent i € [n], MMS; < 1.

2.2 Probabilistic/Fractional Allocations: Function Extensions

Our work considers randomized allocation algorithms in which goods are assigned to agents with
certain probabilities. To analyze the expected value received by an agent under such randomized
outcomes, we must extend valuation functions to probabilistic or fractional allocations. For additive
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valuations, this extension is straightforward: if an agent i receives good j € [m] with probability
pj» then their expected value is 3’ ;c(,,) 0i (J)p;-

For non-additive valuations, defining the value of a fractional allocation vector ﬁ e [0,1]™
is more subtle. In particular, we need to understand the expected value an agent receives when
each good j € [m] is allocated with marginal probability p;. There are multiple natural ways to
interpret such fractional allocations. Two important notions that have been extensively studied in
the literature are the multilinear extension and the concave extension of submodular valuation
functions. We give the details of these extensions in Appendix B.

2.3 Probability Preliminaries

In this section, we introduce two notions of correlations that a collection of random variables may
satisfy, along with the corresponding concentration guarantees. These notions arise naturally from
different rounding procedures used in our allocation algorithms and are crucial for analyzing the
value obtained by each agent.

2.3.1 Independent Random Variables. We first consider the case where goods are rounded inde-
pendently for each agent. In this setting, to show that the resulting allocation provides sufficient
value to each agent with high probability, we rely on a dimension-free concentration bound for
submodular functions given by [Vondrak, 2010].

Lemma 2.5 (Corollary 3.4 of [Vondrak, 2010]). Let f : 2N — R, be monotone submodular function
with marginals in [0,£]. For x € [0,1]V, let R be a random set where each element i is drawn
independently using the marginals induced by x. Then for § > 0,

S52F(x)

Pr[f(R) < (1-8)F(x)] <e =

2.3.2 Exchangeable Random Variables. A common and analytically tractable form of dependence
is exchangeability, which captures symmetric correlations among random variables. Formally, a
collection of random variables (X, ..., X;,) is said to be exchangeable if, for every permutation o

of {1,...,m}, (X3,..., Xm) 4 (Xo(1)s - - -» Xo(m)), that is, the joint distribution of (Xj,...,Xp,) is
invariant under any permutation of the indices. We use the following concentration inequality for
exchangeable random variables, which provides Chernoff-type tail bounds for weighted sums. Let

N ZO(logN)_

N

THEOREM 2.6 ([BARBER, 2024]). Let w € R” be a fixed weight vector and let Xy, ..., XNy € [-1,1]
be exchangeable random variables, where N > n > 2. Then, for any § € (0, 1),

P{Z wi(Xi = X) > [[wllav2(1 + en) 10g(1/5)} <5
i=1
where X = £ 3N X;.

3 Independent Rounding: A Logarithmic Approximation to ONLINEMMS

In this section, we will focus on designing an («, f)-competitive algorithm for any a = O( loén) and
B=1-0(a’log é) Our algorithm relies on item-independent rounding with carefully designed
probabilities of allocation that depend on the stage of the algorithm.

We begin the section by establishing a lower bound on the tradeoff between the MMS approxima-
tion achieved and the probability with which it is guaranteed by the algorithm. We then introduce
our algorithm and analysis for additive valuations in Section 3.2. Finally, in Section 3.3 we prove

that the same algorithm will work even when agents have submodular valuation functions.
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3.1 A Lower Bound

We first show that for any ¢ > 0, no online allocation algorithm can guarantee c-MMS to all agents
L

simultaneously with probability at least 1 — 5

THEOREM 3.1. For any c € (0, 1], there exists an ONLINEMMS instance I with binary additive
valuations, where no randomized algorithm is (c, ) -competitive for any f > 1 — Cz—z

Proor. We'll construct our instance 7 as below. Let n be an sufficiently large integer. The instance
contains n agents and [%1 n goods. The first agent values every good at 1, while the remaining n — 1
agents value each good in a uniformly random set of n out of |'%'|n goods at 1 while all other goods
at 0.

For arandomized algorithm to be (¢, )-competitive, it must allocate at least c- [%] > 1goods to the
first agent since her MMS value is [%-I This means we must allocate at least 2 goods to the first agent.
Denote the set of n random goods which are valued 1 for the remaining n—1 agents as S. To ensure the
remaining agents each gets a c-MMS bundle, we can at most allocate 1 good from S to the first agent,
otherwise at least one of the remaining agents will get no good in S, which yields a value 0. Thus

. _ n [%'ln _ n(n-1) 2
B < 1-P[2 goods in S are allocated to the first agent] = 1-(3)/('<,") = 1——(571([%]”71) <1-<.

The last inequality holds true if we pick n large enough. O

3.2 Additive Valuations

Let us consider the instances in which all agents have additive valuation functions. Fix an instance
I, we can assume without loss of generality that it is already normalized. Note that our goal is to

guarantee each agent an allocation with value at least a for « € O( loén)' Our formal algorithm

appears in Algorithm 1.

Description of Algorithm 1. When agent i arrives, if there’s a good j considered high-valued
by agent i (v;(j) > a), we directly allocate j to agent i. This will guarantee agent i receives value
at least @. We call this round of allocation as a special round. In a non-special round, no leftover
goods are considered high-valued by agent i. In this case, if we have had at most n — % special
rounds previously, we allocate every good with probability ﬁ where t is the number of previous
special rounds On the other hand, if the number of special rounds before the current one is more
than n - %, we increase the probability of allocation of each good to % - alog é The intuition
here is that since many special rounds have happened, the agent could have lost a lot of value in
these rounds. Therefore, to ensure she gets enough value in this round from the leftover goods, we
suitably increase the allocation probability.

We then argue using appropriate concentration bound that no matter when agent i arrives, she
receives an a-fraction of the MMS value. The threshold on when to increase the probability of
allocation balances the trade-off between the present agent receiving large enough value while
keeping enough value available to be allocated to future agents.

In the algorithm, A; is the bundle we allocate to agent i. We state the following theorem.

THEOREM 3.2. Given an instance I = ([n], [m], (v;)ic[n]) and parameter a € O(1/logn), Algo-
rithm 1, is a (o, 1 — O(a?(log é)3)-competitive algorithm. This means that for all agents i we have
0;(A;) > a with probability at least 1 — O(a?(log %)3)

different possible values of i, then by applying union bound we obtain the final proof. Recall that
we use special rounds to refer rounds where we are allocating a high-valued good to an agent, and

Our proof utilizes the following lemmas, which compute the probability that v;(A;) > « for
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ALGORITHM 1: Algorithm for Additive Valuations with parameter « € (0, 1)

t«—0; /* counter for the number of special rounds */
Ry =[m]; /* Remaining set of goods */
for each arriving agenti € [n] do

A — 0

if 3j € Ri_; such thatv;(j) > a then

A ={j}

te—t+1

end

else
for each good j € R;_; do
ift<n- % then
‘ A; « A; U {j} with probability ﬁ

end
else
‘ A; «— A; U {j} with probability 2 - alog <
end
end
end
Ri=Ri-1\ Ag;

end

non-special rounds to refer rounds that we are independently allocating all remaining goods with
a certain probability.

Lemma 3.3. For agent i where the number of special rounds before agent i is at most n— %, v;i(A;) > «a
with probability p; > 1 — #

Proor SKETCH. Since the number of special rounds for these agents is bounded by n — %, the
allocation probability of the goods is 2(n+t) For these agents, we bound the allocation probability
in two cases - either the agent has many (> %) high valued goods or few high valued goods. If the
number of high valued goods is large, we argue that at least one of these must be available with a
high probability otherwise we argue that there is sufficient value left in the low valued goods of
the agent when she arrives so she can receive value from these goods. Full proof is in Appendix

C.1.1. O

Lemma 3.4. For agent i where the number of special rounds before agent i is at least n — % andi # n,
v;i(A;) = a with probability p; > 1 — O((alog %)3)

Proor. We'll use ¢; to denote the number of special rounds that happens before agent i, S; to
denote the set of goods that is not allocated in those t; special rounds (note this is not R;_1). We’ll
use H; to denote the set of goods that is considered high-valued by agent i in S; and h; = |H;|. We
denote 7; as the indicator of that there is no good in R;_; which is considered high-valued by agent i
and 7; as the indicator of that if we allocate with appropriate probability all the low-valued goods in
R;_1, the value of this random set is below «. If 7; # 1, then we have at least one high-valued good
left, thus we’ll allocate a high-valued good to i. If 7, # 1, then if we are allocating low-valued goods
to agent i, the random set will have value more than a. Thus p; > 1 — min(P [[; = 1],P[1; =1])
Note that, under the case where t; > n — é, we observe the transition of potential allocation

probability from 2(:—4) to ﬁ -alog é Again we need to argue about the probability of any good
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J € S; that is remained in R;_;. Denote the number of non-special rounds before the transition as r.
Then the number of non-special rounds after the transition can be computed asi—1—t; —r. Before
the transition, we allocate every good with probability 2( 5 < £ in each non-special round (this
1s because n —t > 2 in this phase). After the transition, we allocate every good with probability

- .alogl < n— alog < in each non-special round. Using union bound we have that for j € S;,

[JeRl_1]21—(0g’ l:17$~0(logé).

We’'ll need to discuss different cases of r and h;. Note that r < % sincer+t <i—1landt; >n—
Case 1: r > 4log é Here, 0;(S;) > r > 4log é Note that in this case for j € S;, P[j € Ri_1]
1- (% (’;+’2”64 -alog é) > % The last inequality follows from the fact that t; > n — %.

Subcase 1: |H;| = h; > 3log é Since each good in H; will remain in R;_; with probability at
least %, P[L=1] < (%)h" <0(a®). Thus p; 2 1 -min(P[[; =1],P[L=1]) 21 -P[[; =1] >
1-0(a?).

Subcase 2: |H;| = h; < 3log é Then the total value of small-valued goods in S; is at least

vi(S;) — h;i > n — t; — h;. Using the fact that each good from S; remains with probability at least
5 and since we allocate every good with probability - - log we can compute Elv;(A)] =
;(n ti— h,)nﬁf‘lti alogl = > 8a log L ~- The last inequality is because n—t; > 4log 1 - while h; <3 log 2 o
Applying Lemma 2.5 we have

P[L; =1] =P [0:(A) < a]

4
o
>

0i(Ai) < 8— - E[v;(A)]
log

a

2a

( (1—8log/a)*Ef0;(A)] )
<exp|—

=exp (—((1 - 8log!/a)®)4log /z) < O(a*).

Thus p; > 1 -min(P[; =1],P[L =1]) 2 1-P[L =1] > 1-0(a?).
Case 2:r < 4log é.Note that in this case for j € S;, P [j € Ri_1] 2 1- (& + M alog =) >
1-0O(alog é)

Subcase 1: |H;| = h; > 3. Since each good in H; will be not in R;_; with probability at most
O(alog ), P[I; =1] < O(alog 1)" < O(alog1)®. Thus p; > 1 - min(P [1; =1],P [ =1]) >

-P[51=1]>1-0(alog %)3

Subcase 2: |H,~| = h; < 2. Then the total value of small-valued goods in S; is at least v;(S;) —
f[l - alog é we can compute
lE[v (A)] = (1 - O(alog N(n—t —2)-= 64 alog > 8alog é The last inequality is because
n—tizn—(i—1) >3 (iisat mostn — 1) wh1le h; < 2. Applying Lemma 2.5 we have P [ 1, = 1] =
Ploi(A;) <a] =P [vi(Ai) < 8@ -E[vi(Ai)]] < O(a?) following the same calculations as those
in Case 1, Subcase 2. Thus p; > 1 —min(P [7; = 1],P[L, =1]) 21 -P[L =1] > 1 - O(a?).

In all of the cases we have p; > 1 - O((alog 1)%). ]

Lemma 3.5. For agent n, v,(A,) > a with probability p, > 1 - O((alog é)z).

Proor. When t, <n— g, all proofs from Lemma 3.3 work and we can obtain p, > 1 — #

Whent, > n— %, almost all proofs from Lemma 3.4 work except for the last part when r < 4log é
we need to divide the subcases into h; > 2 and h; < 1. Then applying almost the same argument
we can obtain that p, > 1 - O((alog 1)?). ]
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Proor oF THEOREM 3.2. Denote p as the probability that in Algorithm 1 all agents i will have
v;(A;) > a. Combining Lemma 3.3, Lemma 3.4, Lemma 3.5 and union bound, we can compute

that p > 1= (ZL(1=p) = 1= (Zcp-t 77 + (Zyonos O((alog 1)) + O((alog 3)?) >
1-0(a?(log $)3). The last inequality is because there are at most % agents i which can satisfy

4
ti>n—5. o

3.3 Submodular Valuations

In this section, we show how to extend the results in the previous section to submodular valuations.
The following is the theorem we prove here.

THEOREM 3.6. Given an instance I = ([n], [m], (v;)ic[n]) of the ONLINEMMS problem with sub-
modular valuations v; and parameter o € O(@), Algorithm 1is ((1 - 1) &, 1 — O(a?(log 1)%))-
competitive.

Proor SKETCH. First note that we are keeping the algorithm same. Therefore, the probability with
which a good is allocated to a particular agent i € [n] and the probability with which it is remaining
for the agent is unchanged since it is independent of the valuation functions. Consequently, for
agents who get value with high probability by being allocated a high-valued good, the analysis
remains unchanged from the additive case. In particular, Case 1 of Lemma 3.3 and Subcases 1 of
both cases in Lemma 3.4 go through as they are. We only need to argue the value obtained by
the agents who receive their allocation via independent rounding. For such agents, note that the
analysis of the additive case proceeded in the following steps: (1) Compute the expected value the
agent receives, and (2) Show that the actual value that the agent receives concentrates around the
expected value with a sufficiently high probability that was dependent on the particular case.

The second part of this, i.e., showing an appropriately high concentration follows in each subcase
based on having an appropriate expected value. In particular, note that in the analysis, if the
expected value of the agent changes by some constant factor, then the analysis of each of the
remaining cases goes through unchanged except for a constant factor change in the o we can
achieve. Therefore, asymptotically our result will remain unchanged as long as the expected value
is only a constant factor away. We therefore, show here that for all agents who receive a bundle
from independent rounding of the low-valued goods that are remaining, we get in expectation a
value only (1 - %) away from the expected value of the additive case.

Fix an agent i € [n]. As in the previous section, we define t; to be the number of special rounds
that have occurred before agent i came in; S; to be the set of goods not allocated in these special
rounds; H; to be the high valued goods of agent i in S;; and R;_; the random set of goods that are
left when agent i arrives. Let p; be the probability that a good j remains in R;_; and p; be the
probability that a good j from R;_; is allocated to agent i. Let h; = |H;| be the number of high
valued goods of agent i. Note that the three cases differ according to the number h;, t;, p1, and p,.
The expected value that such agents receive is the expected value they receive when a good from
S; \ H; is allocated to them independently with probability p;p, - i.e., the probability that the good
is remained multiplied by the probability that the agent obtains the good. This is precisely the value
of multilinear extension of the valuation function v; when we restrict it to the set S; \ H;*. We denote
the corresponding multilinear extension and concave extension of these restrictions as F|s,\ g, and
f1+'5,-\H,-' Finally, let us denote the MMS partition of agent i € [n] as (A} )ke[n)- Note that in these
last notations, we have dropped the subscript i corresponding to the agent for clarity and because
we have fixed a particular agent. Therefore, recalling the definitions of multilinear extension and

4Note that the restriction of a submodular function to a subset is still submodular.
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concave extension from Section 2, we can calculate the expected value of the allocated set as

E[v:(A:)] = Fis:\, (P1p2) (By definition of multilinear extension)
1 .
> (1 - E) ff;i\Hi(plpz) (By correlation gap)

1
> (1 - E) . Z pip2 - 0i((ALN'S;) \ H;) (Using definition of concave extension)
ke[n]

1
> (1 — E) 'P1P2 . (n — tl' — h,)MMS,

1
=(1_Z)'P1p2'(n_ti_hi)

where the last inequality follows because we assume scaling of MMS to 1. Consequently, it is easy
to see that using appropriate values of p;, p2 and h; for all the cases of the Lemma 3.3, Lemma 3.4,
and Lemma 3.5, we can recover all the proofs for an « that scales down by (1 - é) to ensure the
correct exponent in the probability analysis.

O

4 A Constant-Competitive Algorithm for Binary Additive

In this section, we present a correlated rounding algorithm for agents with binary additive valuations.
Throughout this section, we assume that agents have additive valuations and that, for all i € [n]
and j € [m], the value v;(j) € {0, 1}. Consequently, we do not assume that valuation instances are
normalized.

Since valuations are binary, for each agent i € [n] we may equivalently specify a set S; C [m] of
goods that the agent values, where v;(j) = 1 if and only if j € S;.

We proceed in two stages. We first analyze an algorithmically simple special case in which agents’
valuation sets are nested, thatis, S; 2 S, D --- 2 S,,. For this case, we show that concentration
bounds for exchangeable random variables allow us to establish strong high-probability guarantees.
In particular we obtain a simple (1—16 1- %) -competitive algorithm for this setting.

We then turn to the general case, where valuation sets need not be nested. Our analysis builds
on the intuition that the nested case, while analytically simpler, represents the most challenging
instance under binary valuations: for each successive agent, all goods they value are also valued
by every earlier agent, leading to maximal competition. Instances in which valuation sets are not
nested should therefore be better from the perspective of later agents.

We formalize this intuition by introducing, for each agent i € [n], an auxiliary algorithm
that is used only for the purposes of analysis. We compare the primary algorithm with this
auxiliary algorithm by coupling the random variables that describe the number of goods lost by
agent i in each process. Establishing such a coupling directly is nontrivial; instead, we construct
an approximate coupling. This approximate coupling allows us to prove approximate first-order
stochastic dominance between the random variables describing the number of goods remaining for
agent i under the two algorithms.

Crucially, the analysis algorithm preserves exchangeability for the agent under consideration.
As a result, we can invoke concentration bounds for exchangeable random variables, together with
approximate first-order stochastic dominance, to derive (ﬁ, ©(1))-competitive algorithm for the
general case.



Zhiyi Huang, Pooja Kulkarni, Parnian Shahkar, Shuchi Chawla, and Ruta Mehta 13

4.1 Warm Up: Binary Nested Valuations

Let us consider the instances in which all agents have 0/1 valuations, agent i has an MMS value
of MMS; = k;. We can assume without loss of generality that the agent likes exactly nk; goods.
Denote by S; be the subset of goods that she likes. We assume that the valuations are chained so
§5128, 228, implying k; > k; > -+ > k,. We use L; to be the random variable denoting the
set of goods leftover when agent i arrives. Consider Algorithm 2.

ALGORITHM 2: Algorithm for Nested Binary Valuations

Draw a random permutation o of the goods [m] uniformly from all permutations.
for each arriving agenti € [n] do
‘ Allocate the smallest-indexed max{ Lﬁ |L;|], 1} goods from L;.

end

We first observe the following claim.

Claim 4.1. Fix any agenti € [n]. Let L;; be the indicator random variable for the event that good j is
available when agent i arrives. Then (L;j);jes, are exchangeable.

Proor. The algorithm begins by sampling a permutation ¢ of the goods [m] uniformly at
random. Restricting o to the subset S;, the induced permutation on S; is therefore uniform over all
permutations of S;. By the nested valuation assumption, all agents arriving before agent i value
every good in S;. Moreover, the allocation rule for each agent depends only on the relative order of
the remaining goods under o, and not on their identities. Consequently, the allocation decisions of
agents 1,...,i — 1 treat all goods in S; symmetrically. Formally, for any permutation =z of S;, the
joint distribution of the availability indicators (L;;)jes, is identical to that of (L;(j))jes,. This
invariance under permutations of S; implies that the random variables (L;;)es, are exchangeable.

]

Now, let X;; be the indicator random variable denoting that good j is selected in round i.
Claim 4.2. In any iteration where L%J > 1, we have P [Xij = 1] < ﬁ for any good j € [m].

ProOF. In any round i € [n], if the good j has been allocated previously, or if j ¢ S;, it is not
allocated and X;; = 0 deterministically. Therefore, for these rounds P [Xi ;= 1] = 0. On the other
hand, if j is available in round i and j € S; then, given that L%J > 1; we have that we allocate
at most the top ﬁ fraction of the leftover indices to this agent. Since the initial permutation is
drawn uniformly at random, the probability that the good is in top ﬁ indices is ﬁ. Therefore,
P [Xi ;= 1] = ﬁ. Together, the claim is proved. O

Finally, we note the following observation which follows from the fact that the valuations are
nested.

Observation 4.3. If at any round i in the algorithm max {[%J, 1} =1 then for all future rounds
i’ > i, max {[%J 1} =1.
Using these claims and observations, we can prove our main theorem.

THEOREM 4.4. Algorithm 2 is a (%, 1- %) - competitive algorithm for binary instances with nested

valuations for n > 68. In particular, with high probability all agents receive % of their MMS value.
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Proor. If there is no round in which some agent i is allocated more than one good, then this
already holds in the first round, when all goods remain. In that round we have |L;| = nk; < 8n, and
hence k; < 8. Since MMS values are non-increasing across agents, for every agent i, MMS; < 7,
and by the algorithm, it follows that every agent takes only one good in each remaining round.
Therefore, each agent deterministically receives at least a 1/7-fraction of their MMS value.

We now consider the complementary case: there exists an index i* such that agents 1,...,i
are allocated more than one goods, and thereafter each agent is allocated one good. We split the
analysis into two cases.

Case 1: i < i*. Recall that L;; is the indicator random variable that good j is available when agent i
arrives. In this case, using Claim 4.2 and applying union bound, the total probability that a good is
(i-1)

allocated before round i is I Therefore, E[L;;] =1 — l:—nl. Therefore, the total expected value

left when agent i arrives is E[v;(Li)] > % e, (1- %) = w. Now, using Claim 4.1, since

L;; are exchangeable for a given i, we can use concentration of exchangeable random variables

*

from 2.6. Recall the concentration bound states that for any fixed wy, ..., wn, €, € O ( k’%) and

any exchangeable random variables X, ..., X,

P

Z wi(xj — %) = |[wll2v2(1 + em) log(1/5)l <6

Jj=1

We use this with X; := L;; and w; :== —1for all j € S; and 0 otherwise. Further, we use § = # and
€m = 1. We therefore get,

P Y wiLy —ELLyl) = I1wlley2(1 + en) log(1/8) | < 6

jelm]
1
— P [oi(Lo) < Bloi(L)] - IIwlyalogr?| < —
— P [Ui(Li) < w — \/8nk,~ 10g7’l:| < iz
n

Therefore, with probability at least 1 — #, agent i is left with a value of M"++1)ki —+/8nk;logn >
S"Tk" — +/8nk; log n where the last inequality follows because i < n. Therefore, obtaining a value

kilogn
2n
these agents arrive, the set of leftover goods is at least 8n (so that they receive more than 1 good),

so the MMS value of these agents is at least 8, hence each of these agents will receive a value of at
least %MMS,; for all n > 68. Therefore, by union bound, the probability that all agents < i* get a
value of % — MMS; is at least 1 — ’—z

Case 2: i > i*. In this case, following the same calculations as above, after round i* for each agent
i > i* + 1, with probability at least 1 — #, the number of goods left is at least S"f"* — +/8nk;- log n.
Since this is the last round where we assign ;- of the leftover goods, |L;-| > 4n implying k;- > 4,

of ;- of the remaining value, the agent receives a value of L31—k6" - 1. By assumption, when

hence we have at least 3n — 44/2nlog n goods remained for the next iterations. Hence, as long as
n > 27,3n — 4+/2nlogn > n, and therefore the number of remaining goods is at least n, which is
sufficient for the subsequent iterations as at most n — 1 iterations remain, and in each iteration
every agent receives exactly one good. Therefore, putting both cases together, we get that with
probability at least (1 — %), all agents receive at least a value at least % - MMS,;. O
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4.2 General Binary Valuations

We keep the notation same as the previous section. Let MMS; = k; denote the MMS value of agent
i € [n]. Let S; be the set of goods she likes at a value of 1. Let L; be the set of goods that agent i
likes at a value of 1 that are left when i arrives. Now, S; are no longer nested. We first state our
very simple algorithm for this case. We note that the algorithm is almost similar to our algorithm

ALGORITHM 3: Algorithm for General Binary Valuations

Draw a random permutation o of the goods [m] uniformly from all permutations.
for each arriving agenti € [n] do

Allocate the smallest-indexed max { { MZASAGS L J , 1} goods from L;.

end

for nested binary. Instead of allocating a ;- -fraction of remaining goods, we explicitly allocate an

MZA;‘: goods. The reason for this will be clear in the analysis.

Our main guarantee for the algorithm is as follows.

THEOREM 4.5. Given an instance I = [n], [m], (v;)ic[n] of ONLINEMMS with binary valuations,
Algorithm 3 is a (ﬁ, ©(1))-competitive algorithm.

To prove this theorem, we follow the same high-level approach as in the previous section: we
aim to show that, with high probability, when an agent ¢ € [n] arrives, there remains sufficient
value among the unallocated goods to guarantee her a good allocation.

As before, let L;; denote the indicator random variable for the event that good j is available when
agent t arrives. Unlike in the nested-valuation setting, however, the random variables (L;;) je[m]
are no longer exchangeable for a fixed agent ¢: different goods may be valued by different subsets
of agents arriving before i, and hence are subject to different levels of competition. Consequently,
such goods have different probabilities of remaining unallocated by the time agent t arrives.

Formally, this asymmetry implies that the joint distribution of (L;;)je[n] is not invariant under
permutations of the goods, and therefore the exchangeability property fails in the general case.

To circumvent this, we introduce a new algorithm in the analysis. This algorithm is specific to
a certain agent and therefore, we have a different algorithm for different agents. This algorithm
ensures that the indicator random variables corresponding to the leftover set of goods when
the agent arrives are exchangeable and therefore, we can apply the concentration bound for
exchangeable random variables. At the same time, we give a coupling of the number of goods that
agent t likes and are allocated when ¢ arrives in Algorithm 3 with the number of goods that agent ¢
likes and are allocated in the analysis algorithm. This allows us to give a bound on the value of the
leftover items for agent ¢, when she arrives in Algorithm 3. The remaining parts of the analysis
follow in a way similar to the previous section.

For the rest of the algorithm fix an agent t € [n]. We calculate the probability that agent ¢
receives a value of at least 25 : 3 Since we are fixing an agent ¢ € [n], and the algorithm is only used
in the analysis, we can assume that we know the number of agents for whom the MMS value was
at most 256 and arrived before ¢. Let this number be n;. Now, consider Algorithm 4. We introduce
some more notation here.

Notation for Algorithm 4. As defined in the algorithm, H is an arbitrary set of n; goods from S;.
For any agent i € [t], let L be the set of goods that agent i likes from S; \ H and are left when agent
i arrives in Algorithm 4. Let L] ; be the set of goods from S; \ {S; U H} that are left when agent
i arrives in Algorithm 4. Note that these are leftover goods that are not liked by i, but are liked




Zhiyi Huang, Pooja Kulkarni, Parnian Shahkar, Shuchi Chawla, and Ruta Mehta 16

by t. Also note that this is different from the random variables L;; of Algorithm 3. Let X/; be the
indicator random variable denoting that good j is available when agent i arrives in Algorithm 4.

ALGORITHM 4: Algorithm for analyzing value of agent ¢

A random permutation ¢ of the goods R uniformly from all permutations.
LetR « [m] \ H.
Draw a random permutation o of the goods R uniformly from all permutations.
for each arriving agenti € [n] do
if MMS; < 256 then
| Allocate a single good from H.
end

else

Allocate the smallest-indexed max { { MZAS/?’J , 1} goods from (L] U L7 ,).

end
end

For any permutation o7 of the m goods and any subset H C S; with |H| = ny, let fy(-) denote the
mapping that produces the unique permutation o, over [m] \ H obtained by deleting the goods in
H from o7y; that is, fiy(01) = 02. For any pair (o1, fiy(01)), we show that if running Algorithm 3 on
o1 leaves L; as the set of goods in S; that remain unallocated upon agent t’s arrival, and running
Algorithm 4 on fi (o) leaves L; as the corresponding leftover set, then

IS¢l = 1Lel < 2(1S¢| = IL71).

Equivalently, up to round ¢, the number of goods from S; allocated before agent t arrives in the
original algorithm is at most twice the number allocated under the analysis algorithm. Formally,
we state the following lemma.

Lemma 4.6. For any pair of permutations (o1, fu(01)), let L, (resp., L}) denote the set of goods in S;
that remain unallocated upon agent t’s arrival when running Algorithm 3 on oy (resp., Algorithm 4 on
fu(o1)). Then

IS¢l = 1Lel < 2(1S¢] = IL71).

Proor SkeTcH. Consider the case where H = (0. We can view the charging argument as a table
where the columns correspond to the goods and the rows correspond to the agents. If good j is
allocated to agent i by Algorithm 3, we color the (i, j) cell blue. Any good j allocated to agent i
by Algorithm 4 is colored red. To show that we allocated at most twice the number of goods of
St in Algorithm 3 as compared to Algorithm 4, we charge a blue cell for any j € S; to a red cell
of some j' € S;. At a high level, this charging is done as follows. If a good j € S; allocated by
Algorithm 3 is allocated to an agent i’ < i by Algorithm 4, we charge it to (i’, j). Otherwise, the
only reason Algorithm 4 does not allocate this good is because it has completed its allocation to
i before reaching j. Therefore we try to find a unique good in the same row from S; that is red
colored. If we do not find that, we map it to some unique good j’ that Algorithm 4 allocated to
i. Since this good is not in S, it must be in S; and the reason Algorithm 3 didn’t allocate it to i
is because it was allocated to some agent i’ < i. We charge this therefore to (i, j’). Now, j’ is
allocated to agent i’ by Algorithm 3 but not by Algorithm 4. Therefore, we are again in the same
case where we are trying to charge a blue cell to a red cell in same row or redirect it to a unique
red cell. Since the arrows only go leftwards or upwards, this process must end at a unique red cell.

O
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agents
vs. items
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2 T v v
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Fig. 1. An illustration of how the charging argument to couple number of allocated goods of agent t from
Algorithm 3 and Algorithm 4.

Recall that X} is the indicator random variable for the event that good j is available when agent
t arrives. We show the following claim that the variables (X j) jes,\H are exchangeable.

Claim 4.7. For a fixed H € S;, and a uniformly random o, consider (o1, fy(o1)), the process of
Algorithm 4, the variables (Xt’j)jesz\H are exchangeable.

Proor. Note that as o7 is uniformly random, and H is a specific subset removed from oy, fy(o7)
also follows a uniformly random distribution of the goods [m] \ H. Restricting o to the subset
S: \ H, the induced permutation on S; \ H is therefore uniform over all permutations of S; \ H.
All agents arriving before agent t value every good in S; \ H. Moreover, the allocation rule for
each agent depends only on the relative order of the remaining goods under o, and not on their
identities. Consequently, the allocation decisions of agents 1,...,¢ — 1 treat all goods in S; \ H
symmetrically. Formally, for any permutation x of S; \ H, the joint distribution of the availability
indicators (L] j) jes,\H is identical to that of (L;,”(j)) jes,\H- This invariance under permutations
of S; \ H implies that the random variables (L; j) jes,\u are exchangeable. |

We are now ready to show that we can bound the probability of failure of Algorithm 3 with a
constant.
To do this, first we introduce some notation. We keep a parameter x € [0, 1]. We define:
e An agent t is good if when agent t arrives, the number of remaining goods of the agent ¢ is at
least (1 — x)(n — n;)k; when k; > 2 and is at least 1 if k; = 1 in the run of Algorithm 3.
e T(t) : We define T(¢) to be the smallest probability that agents 1 to ¢ in Algorithm 3 are good
among all possible instances 7.
Recall that n; is the number of special rounds that occur before agent ¢ arrives and k; is the MMS
value of agent t. We state the following two lemmas for bounding the difference between T'(t) and
T(t-1).
Lemma 4.8. Fix an agentt € [n]. Forx = i, we have T(t) > T(t - 1) —
T(t)>T(t-1) - 2,,? ifk, = 1.

ifk; > 2 and

_1
22(n-ny)

Proor SKETCH. The proof of this lemma interleaves between Algorithm 3 and Algorithm 4. We
define failure of algorithm as some agent is not good. We show that if Algorithm 3 does not fail for
t — 1 agents then Algorithm 4 will also not fail for ¢ — 1 agents. Then since Algorithm 4 maintains
exchangeability of the variables of agent t, we can show that Algorithm 4 does not fail for ¢ + 1
agents. This allows us to use the charging argument to show that Algorithm 3 does not fail for
t + 1 agents. We proceed in this way, bounding the probability of failure with larger numbers as we
move further into the algorithm. Full proof is in Appendix C.2.3. O

The bound of the above lemma is very weak for the last few agents and we will not be able to
union bound to a reasonably small number. We therefore give a different bound in the next lemma.
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Lemma 4.9. Fix an agentt € [n—79,n]. Forx = i we have T(t) > T(t—1) —
T(t) 2 T(t = 1) = ey ifke = 1.

Proor SKeTcH. For the last few agents, when k; > 2, the bound from previous lemma works.
For the agents with k; = 1, we simply use union bound to guarantee the probability of failure. Full
proof is in Appendix C.2.4. O

ifk; > 2 and

(n— nt)

ProoF oF THEOREM 4.5. Combining the previous two claim, we can compute that the total
probability of success of Algorithm 3 is

1 1
T(n)>T(1)~( Z znlgl, Z max(— o7 22("—,”)) (1)
te[n—380] te[n-79,n]
1 1
21-( Y, ), maxlig mn) = 0) @
te[n-80] te[n-79,n]
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A Normalizations of Definition 2.4 Without Loss of Generality

First consider normalization for additive valuations as given in Definition 2.4. Given a non-
normalized input instance 7 = ([n], [m], {v;}ie[n]), for any valuation function v;, the corresponding
normalized valuation o] is constructed by computing an MMS partition P' = (P, ..., P!) for v; and
Ui

Thereby, the corresponding normalized input instance is defined as 7’ = ([n], [m], {v}}ie[n))-
Lemma 4 in [] shows that for any set of goods B C [m], v;(B) > v;(B) - MMS7 . By construction, the
MMS value of every type in the normalized instance is 1, i.e. for all i € [n], MMSZ,_ = 1. Therefore,

if v](B) > aMMS,, we have that v;(B) > a - MMS} . This implies that an « approlximation of the
MMS value according to a normalized instance guarantees that each agent receives a bundle valued
at least & approximation of her MMS value in the original (non-normalized) instance.

then rescaling the valuations so that for every i € [n] and for every good j € PL, v}(j) =

Next, consider normalization for submodular valuations as given in Definition 2.4. Here we
simply create a new valuation by assuming v;(S) = mvi(S). For the MMS partition, this scales

each bundle to have value at least 1 and the smallest of thése bundles has value 1. On the other hand,
if the normalized instance had an allocation such that the value of each bundle in this partition
is more than 1, the original instance has a partition where the value of each bundle is more than
MMS? which is not possible. Therefore, we can assume wlog that instances are normalized.

B Fractional Extensions for Submodular Functions

Multilinear Extension of Submodular Valuations. The multilinear extension of a submodular
function models the expected value an agent receives when goods are allocated independently
according to the marginal probabilities (p;) je[m]-

Definition B.1 (Multilinear Extension). Let f : 2l — R, be a set function. The multilinear
extension of f, denoted by F : [0,1]™ — R,, is defined for p € [0,1]™ as

F@) = > S [ ]e ] a-ep-
SC[m] Jje€S  je[m]\S
Equivalently,
F(p) =E[f(R)],

where R is a random subset of [m] obtained by including each element j € [m] independently with

probability p;.

Concave Extension of Submodular Valuations. The concave extension of a submodular val-
uation function models the maximum expected value an agent can receive under any correlated
rounding scheme that preserves the marginal probabilities of each good.

Definition B.2 (Concave Extension). Let f : 2lml 5 R, be a submodular function. The concave
extension of f, denoted by f*, is defined for p € [0,1]™ as

FHP) = max{ > asf(S)| ), as=1 Y, as=p; Vje[m] as=0
Sc[m] Sc[m] S:jeS

It is known that for any submodular function f defined over a ground set [m], F(x) > (1 — %) f*(x)
for all x € [0,1]™ i.e., the correlation gap is bounded by (1 - 1).
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C Omitted Proofs
C.1 Proofs From Section 3
C.1.1  Proof of Lemma 3.3.

Proor. We'll use ¢; to denote the number of special rounds that happens before agent i, S; to
denote the set of goods that is not allocated in those ¢; special rounds (note this is not R;_;). We’ll
use H; to denote the set of goods that is considered high-valued by agent i in S; and h; = |H;|.

Note there are exactly i — 1 — #; non-special rounds before agent i. Since t; < n — %, each of
these non-special rounds allocates any good with probability at most m since each time we
are allocating with probability ﬁ for some t < t;. Therefore, using union bound, each good in
S; is allocated with probability at most Zi(_nl—_tii) < % Thus for every good j € S;, P[j € Ri_1] > %

We denote 7; as the indicator of that there is no good in R;_; which is considered high-valued by
agent i and J; as the indicator of that if we allocate all the low-valued goods in R;_; with probability
m, the value of this random set is below a. If 77 # 1, then we have at least one high-valued good

left, thus we’ll allocate a high-valued good to i. If 7, # 1, then if we are allocating low-valued goods

to agent i, the random set will have value more than a. Thus p; > 1 — min(P [I; = 1],P[1, =1])
Observe that v;(S;) >n—t; >n—(n— %) = % since S; only loses t; goods from [m] and each of

them has value at most 1.

Case 1: |H;| = h; > % Since each good in H; will remain in R;_; with probability at least 1,

Pl =1 < ()" < L. Thusp; > 1-min(P [L; =1],P[L=1])) >1-P[L =1] > 1- 5.

Case 2: |H;| = h; < % Then the total value of small-valued goods in S; is at least v;(S;) — h; >
n — t; — h;. Since we allocate every good with probability m, we can compute E[v;(4;)] =
%(n —t - hi)m > %. The last inequality is because n — t; > % while h; < %
P =1] =P [0i(A:) < a]
< Plvi(Ai) < 8a-Elv;i(A)]]
1-8a)%(!
< exp (—M) (Applying Lemma 2.5)
a
1 .
<= (since a < /12810gn)).
n
Therefore, p; > 1 —min(P [[; =1],P[LL=1]) 21 -P[LL=1] >1- # O

C.2 Proofs from Section 4
C.2.1  Proof of Lemma 4.6.

Proor. To prove this claim, we use a charging argument. Specifically, we construct a bipartite
graph G; = (U;, V4, E;), where both left and right side contain a distinct copy of the goods in S;.
For each good i € U;, we add an edge to an good j € V; whenever i is allocated by the original
algorithm, and j is allocated by the analysis algorithm; in this case, we say that i is charged to j.
We show that every good j € V; receives charge from at most two goods in U;. It follows that the
number of goods allocated from S; by the original algorithm (i.e., the number of charged goods in
U;) is at most twice the number of goods allocated from S; in the right copy (under the analysis
algorithm).

First, we construct an auxiliary bipartite graph G = (U, V, E), where each side contains a copy of
the good set [m]. Next, consider a ([t — 1] X [m])-grid in which each row corresponds to an agent
in [t — 1] and each column corresponds to an good, ordered according to the permutation o;. For
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any good j that is allocated to agent i by Algorithm 3, we color the cell (i, j) in the grid blue; for
any good j that is allocated to agent i by Algorithm 4, we color the cell (i, j) red. If the same good
j is allocated to the same agent i under both algorithms, then the cell (i, j) is colored both red and
blue.

Fix an agent i € [t — 1]. Partition the goods allocated to i by Algorithm 3 (i.e., the blue goods)
into three sets according to how Algorithm 4 allocates them: S!, S, and S3. Here, S! consists of the
goods that Algorithm 4 allocates to some earlier agent, S? consists of the goods that Algorithm 4
allocates to agent i, and S® contains all remaining goods.

We charge every good in S U S to itself; equivalently, in the graph G we add an edge from the
copy of each j € ST U S% in the left partition U to its corresponding copy in the right partition V.
For each j € S!, by definition there exists an i’ < i such that Algorithm 4 allocates j to i’. In the
grid, we draw an upward arrow from (i, j) to (i’, j). For each j € S?, we draw a self-loop at (i, j).
Thus, these arrows appear as either self-loops or vertical upward arrows from blue cells to red
cells. Let m, () denote the (vertical) mapping induced by this charging; in particular, since goods in
S U S are charged to themselves, we have m,(j) = j whenever j is vertically charged. Each good
is vertically charged at most once, so m, is injective; consequently, m,!(j) = j for every vertically
charged good ;.

Now consider any good j € S°. Such an good is allocated to agent i by the original algorithm, so
j € Si. Moreover, since j € S3, it is not allocated to any agent i’ < i under Algorithm 4, therefore
when agent i arrives, good j is still available under Algorithm 4, which implies j € L. Hence,
the only reason j is not selected by Algorithm 4 is dictated by the value of MMS;, leading to the
following two cases.

(a) If MMS; < 256, then under Algorithm 4 agent i is allocated an arbitrary good j* € H. In this
case, we charge j to j’.

(b) If MMS; > 256, then agent i receives sufficiently many goods of smaller index under Al-
gorithm 4; in particular, every good allocated to i by Algorithm 4 has index smaller than
j. Since every good in S? is allocated to agent i by both algorithms, let S’ denote the set of
goods allocated to agent i by Algorithm 4, excluding those in 52. Because the two algorithms
allocate the same total number of goods to agent i, we have

|S] = 18" +1S°),
and in particular |S’| > |S3|. Thus, we can charge each j € S* to a distinct good j’ € S’.

In both cases, for every j € S* we charge j to a unique good j’ € S’. Equivalently, we add a
directed edge (j, j') in the graph G, and draw a horizontal arrow in the grid from (i, j) to (i, j’). In
case (b), since j’ has smaller index than j, this arrow is leftward (from a blue cell to a red cell); in
case (a), the horizontal arrow may point either left or right.

Let my(-) denote the horizontal mapping induced by this charging; namely, if good j is charged
to j” horizontally, we set my,(j) = j’. Since each good is charged horizontally at most once, my, is
injective. Hence, for every j’ in the image of my, the inverse is well-defined and satisfies m;ll () =7

After applying the above charging procedure to every row i € [t — 1] of the grid, each blue
cell has exactly one outgoing arrow in the grid, either vertical-upward, or horizontal-leftward
(with the exception of horizontal arrows pointing to an good in H which might be rightward).
Equivalently, in the bipartite graph G, the left copy of every good allocated to some agent before ¢
under Algorithm 3 has exactly one outgoing edge to a right copy of an good that is allocated to
some agent before t under Algorithm 4. Moreover, each right copy receives at most two incoming
edges: due to injectivity of both horizontal and vertical mappings, an good can be charged vertically
at most once and horizontally at most once. Hence, in graph G = (U, V, E), every node in V has
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in-degree at most 2, while every node in U has out-degree exactly 1 by construction. It follows that
the number of goods allocated under Algorithm 3 is at most twice the number of goods allocated
under Algorithm 4.

Given this auxiliary graph G, we obtain G, by restricting G to the goods in S¢; that is, G; contains
only copies of the goods in S; in both partitions.

To construct G, we charge every good j € S; that is allocated to some agent i € [t — 1] under
Algorithm 3 to (the right copy of) another good in S; that is allocated to some agent i € [t — 1]
under Algorithm 4. We begin from the unique outgoing edge of j in the auxiliary graph G. Recall
that every such j is charged either vertically or horizontally.

If j is charged vertically, then the vertical mapping is the identity, so m,(j) = j € S;. In this case,
we simply add the edge from the copy of j in U, to the copy of j in V;.

If j is charged horizontally and my(j) € S;, then we add the edge from the copy of j in U; to the
copy of my(j) in V;. In particular, when MMS; < 256, we have my(j) € H C S;, so this condition
holds and we add the edge (j, mp(j)) to G;.

It remains to consider the case where j is charged horizontally but my(j) ¢ S;. This can occur
only when MMS; > 256, in which case the grid contains a leftward arrow from the blue cell (i, j)
to the red cell (i, my(j)), and the index of my(j) is smaller than that of j. Since my () is allocated
to agent i under Algorithm 4, the good my,(j) is available upon i’s arrival in that run; moreover,
because mp(j) € Sy, it must be that my(j) € L] C S;, and hence my,(j) € S;.

Now, mp(j) is liked by agent i and has smaller index than j, yet it is not allocated to i under
Algorithm 3. The only possibility is that my,(j) was already allocated to some earlier agent i’ < i
under Algorithm 3. Thus, (i’, mj,(j)) is a blue cell in the grid, and my(j) € Ly C Sy.

Under Algorithm 4, however, the same good my, () is allocated to agent i > i’ even though agent
i’ likes it. This can happen only for one of the following reasons:

(a) MMS;; < 256, in which case my(j) is charged horizontally to some good in H C S;, and
hence my(my(j)) € S;.

(b) MMS; > 256, in which case my(j) is not taken by i’ under Algorithm 4 because sufficiently
many smaller-index goods are already allocated to i’. Consequently, the grid contains a
leftward arrow from (i’, my(j)) to the red cell (i’, mp(mp(j))).

In either case, we can redirect the charge from my,(j) to my(my(j)). If my(my(j)) € Sy, we add
the edge from the left copy of j to the right copy of my,(my(j)) in G;. Otherwise, we iterate this
redirection: continue applying my, until reaching the smallest £ > 1 such that m} (j) € S;, where
mfl denotes ¢ consecutive applications of my,. We then add the edge from the left copy of j to the
right copy of mj, (j) in G;.

This procedure must terminate. Each redirection step follows an arrow in the grid that is either
upward or leftward, unless it reaches an good in H, in which case it immediately lands in S; and
halts. Since the grid is finite and the process never revisits a cell (we strictly move upward or
leftward), it cannot continue indefinitely. Therefore, for every j € S; there exists a minimum ¢ such
that mz (j) € S;, and the redirected charge is well-defined.

Finally, after applying the above recharging procedure and constructing G, = (U, V}, E;), we
observe that each node j € V; receives at most one horizontal charge. Indeed, since my(+) is injective,
no good can be the horizontal image of two distinct goods. Moreover, if j € V; receives a (possibly
redirected) horizontal charge, the corresponding charged good can be identified by applying m;l )
repeatedly until reaching the first preimage that lies in S;. In addition, each j € V; receives at most
one vertical charge, because vertical charging maps an good only to itself, i.e., it can only originate
from the copy of j in U;. Consequently, every node in V; has in-degree at most 2.
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Note that in G, the left copy of every good in S, that is allocated during the first t — 1 rounds
by Algorithm 3 has an outgoing edge (i.e., is charged) to the right copy of an good in S; that is
allocated during the first t — 1 rounds by Algorithm 4. Since each node on the right has in-degree
at most 2, the number of goods from S; allocated in the first ¢t — 1 rounds under Algorithm 3 is at
most twice the number allocated from S; in the first ¢ — 1 rounds under Algorithm 4. This yields

1S = ILe) < 2(1Se| = |L31),
as claimed. In Section C.2.2 we will provide an example to illustrate how charging works. O

C.2.2 Example for charging argument. Consider an illustrative instance in which the analysis
algorithm is evaluated at t = 4. Thus, we focus on the items allocated to agents {1, 2,3} by
Algorithms 3 and 4. In Figure 2, each row corresponds to an agent and each column corresponds to
an item (we display only the top three items in the ranking). A tick in cell (i, j) indicates that agent
i likes item j, i.e., j € S;. From the figure, we have 2 € Sj, {2,3} C S5, 1 € S3, and {1,3} C S4.

Assume that each of the first three agents must receive exactly one item. Under Algorithm 3,
each agent i € [3] receives the first unallocated item she likes. Hence, item 2 is allocated to agent 1,
item 3 to agent 2, and item 1 to agent 3; we color the corresponding cells blue. In contrast, under
Algorithm 4, each agent i € [3] receives the first unallocated item from S; U S;. Consequently, item
1is allocated to agent 1, item 2 to agent 2, and item 3 to agent 3; we color the corresponding cells
red.

We now apply the charging argument, which charges each blue cell to a red cell. Executing the
charging procedure yields the following charges: item 2 is charged to item 1, item 1 is charged to
itself, and item 3 is charged to item 2, these charges through horizontal and vertical mappings are
shown with red arrows in Figure 2. The resulting bipartite graph G, restricted to items {1, 2, 3}, is
shown in Figure 3.

To pass from G to Gy, which is restricted to items in S;, we must recharge the edge emanating
from item 3, since its current charge target is item 2, and 2 ¢ S;. Observe that item 2 cannot
be allocated to agent 2 under Algorithm 3 because it has already been allocated to agent 1. We
therefore follow the existing charge of item 2, namely, the item to which 2 is charged, which is
item 1. Consequently, we redirect the charge of item 3 from item 2 to item 1. This redirection is
illustrated by the green arrows in Figure 4.

The resulting graph Gy, restricted to items [3], is shown in Figure 5. After this procedure, every
blue cell (i, j) with j € S; is charged to a red cell (i’, j*) with j* € S;, as required.

C.2.3  Proof of Lemma 4.8.

Proor. Recall that T(t) is the probability that agents 1 to ¢ in Algorithm 3 are good and T(t — 1)
is the probability that agents 1 to ¢ — 1 in Algorithm 3 are good.

First note that, Algorithm 4 removes n; goods to allocate to the special agents upfront. After
this, for the remaining non-special agents, the MMS value can only go up in the reduced instance.
Further, Algorithm 4 also includes S; \ H; in the set of goods that the non -special agents like further
potentially increasing the set of goods liked by these agents. As a result, the run of Algorithm 4
never fails on the special days and on non-special days, the failure probability can only decrease.
Therefore, Algorithm 4’s failure probability for the first ¢t — 1 agents is at most T (¢ — 1).

Therefore, we have that with probability T(t — 1), each non-special agent i < t has at least
(1-x)(n—n;)k; goods. The agents are taking Zk?"é goods out of these goods. Therefore, the probability
of allocation of a good j € S; \ H; in one round is

ki f256
P [good j allocated in one round] < —m———.
[good s 90 -mm
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Fig. 2. Running example at t = 4: grid representation of preferences and allocations in the first t =1 =3
rounds. Rows correspond to agents 1,2,3 and columns to items (shown in rank order, truncated to the top
three items). A tick in cell (i, j) indicates j € S;. Blue cells denote allocations made by Algorithm 3, and red
cells denote allocations made by Algorithm 4. Red arrows indicate the initial charging; each blue cell (i, j) is
charged to a red cell (i’, j”) specified by the construction.

@

Y
—

(2)
©

Fig. 3. Auxiliary bipartite graph G = (U, V, E) induced by the charging procedure for the running example,
restricted to items {1, 2, 3}. An edge (j, j*) indicates that the left copy of item j (allocated under Algorithm 3)
is charged to the right copy of item j’ (allocated under Algorithm 4).

As a results, we can union bound the probability that any good j € S; \ H; is available agent t as

1
P ji ilable fi >1-—.
[good j is available for agent t] > 256(1— )
Therefore,
1
Efo:(A1)] > (1 - m) (nk; —n)

Now, recall that the indicator random variables X]’.t are exchangeable. Therefore, we can show
concentration of the agent t’s value around its expected value and obtain that with probability at
least 8, the number of goods of agent t left when t arrives is at least

(l ;) (nk; — ny) — 2(nk; — ny) log /s

256(1 - x)
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vostoms 1 2 3
1 Y
2 7 v
3 v
t=4 v v

Fig. 4. Recharging step for constructing G, in the running example. Green arrows show how charges targeting
items outside S; are redirected by following the charge chain until reaching an item in S;. In particular, the
charge of item 3 is redirected from item 2 ¢ S; to item 1 € S;.

Fig. 5. Directed bipartite graph G; = (U, V4, E;) for the running example, restricted to items {1, 2,3} C S;.
Edges represent the final (possibly redirected) charges from items allocated by Algorithm 3 in S; to items in
S; allocated by Algorithm 4. After recharging, the left copy of every item in S; allocated before round t by
Algorithm 3 has exactly one outgoing edge, and each node on the right has in-degree at most 2.

If k; > 2 then nk; — n; > n and therefore the first term dominates the term under the square root
for§ = W+nn and we get that with this probability, for e arbitrarily close to 0, agent ¢ has at least

(1 - M) (nk; — ns)(1 — €) goods left.
On the other hand, when k; = 1, to ensure that the second term is sufficiently smaller than the first,
we must use § = —2m-. Using this &, we get that agent t has at least (1 - m - \%5) (nky—ny) >

2710

l(n —ng).

’ We need to prove that this maintains that the agent t is now good for Algorithm 3 and then we

are done. Clearly, for the case when k; < 1, we have less than half of agent t’s goods allocated.

Therefore, using Lemma 4.6, we get that the number of goods allocated for agent t in the run of

Algorithm 3 is less than n. Therefore, t has at least one good left and is good as per our definition.
We therefore only need to consider the case when k; > 2. For this case, number of goods os S; allo-

cated in Algorithm 4 is at most nk,—(1— m (nk;—n;)(1—¢)). Therefore, again using Lemma 4.6,

the number of goods of S; allocated in Algorithm 3 is at most 2 (nkt -(1- m (nk; —ny)(1 - e))) .
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Therefore, an agent is good in this case if we have
1
2 (l - m) (nk, - nt)(l - 6) - nkt > (1 - x)(n - nt)kt
One can verify that for x = !/4, the above inequality stands true for an appropriately smalle. O

C.2.4  Proof of Lemma 4.9.

Proor. If k; > 2, then all the proofs from the previous claim work exactly the same and we have
1
T(t) =2 5(t) = sy -

We’ll focus on the case when k; = 1. Note that we still have that the probability of allocation of a

good j € S; \ H; in one round is
P [good j allocated i d] < o
ood j allocated in one round] < ————— .
good) (1=x)(n—nyk;

Fix an single good j; from S; \ H;. Note that we have t — 1 — n; non-special agents before ¢, using

union bound we know that
t—1- ng 1

- >1- .

256(1 — x)(n —n;) 256(1 — x)
Note agent t is good if j; is available for her. Thus using union bound we know T(t) > T (¢ —

P [good j; is available for agent t] > 1

1
1) - 256(1-x) ° o
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